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Abstract. In this note, we consider the numerical sequence {IT(LS)}nzo,

) is the integral of the n-th power of the trinomial 1 + sz + 22

where I.®
on the interval [0,1]. The integrals 15 can be easily expressed in terms
of the generalized trinomial coefficients. We show that they can also be
expressed in several other different, non-trivial, ways as a single binomial

)

sum. Moreover, we show that the integrals L(LS , when positive, form a log-

convex sequence. Finally, we define a new class of polynomials I,(LS) (z) as a

natural extension of the integrals L(f) and we show that, for every fixed s,
they form an Appell sequence.

1 Introduction

In this note, we will consider the definite integrals
1
I = / (1+sz+2*)"de  (s€R) (1)
0

which seems to be essentially! absent in the various tables (such as [6, 13]
or [5, 2, 12]), even though they are of some interest from a combinatorial

IFor s = 0, or s = %2, the trinomial form reduces to a binomial form and in these cases
the integrals are known [17]. See also Section 5.
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MUNARINI

point of view. These integrals are polynomials in s with rational coefficients,
as can be seen from the following first values

I =1,

1§5>=%s+§,

12(8):%324-%54—%,

I§s>:iss+§§+gs+£,
Iis):%54+253+%52+§5+%7
Iés):%85+L,7254 %53+%52+%5 %7
Iés):;86+£55+%84 %334“%82 %s %

Indeed, expanding the power of the trinomial form, we have

1 n
1) :/0 (Z (Z) stk (1 +x2)n—k> da
k=0
n 1
:Z( )sk/ 2*(1+ %) *da
oo \F 0

S [ (B0

n

k=0 i=0
that is
2n n n—k n—=k 1 .
78 — S — . 2
" ];(k) ;( i >2i+k+1 s 2)

Equivalently, we can consider the expansion
n
(14 sz +2?)" = Z:Ty(f])C zk
k=0

where the coeflicients Téslz are the generalized trinomial coefficients, which

satisfy the recurrence

(s) _ q(s) () ()
Tn+1,k+2 - Tn,k: + 8Tn,k+1 + Tn,k:+2
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INTEGRAL OF COMBINATORIAL INTEREST

with the initial conditions T( 3 =1and T( k= = 0p,0. We report the first few
values in the following matrix:

10 0 0 0 0 0 00
1 s 1 0 0 0 0 00
12s s2+2 2s 1 0 0 00
1 3s 3s2+3 s®+6s 35243 3s 1 00
1 4s 65244 453 +12s s* +12s2+6 453 +12s 65> +4 4s 1

These coeflicients can also be expressed in terms of the binomial coefficients,

namely
(s) " /n n—1i
T s) _ - k—21
mk Z(z)(k—2z>5

() vy,

or, equivalently, in terms of the Gegenbauer polynomials as

or

(s) _
Tn,k -

-

i=

T\ = Oy ™ (~s/2).

For s = 1 we have the ordinary trinomial coefficients T’ 7(11,1 = ("];3), [3, p.
78], which can be interpreted as the number of multisets p : X — N of
order k on a set X of size n, where each element has multiplicity at most
2, i.e. p(x) € {0,1,2} for every x € X. The generalized coefficients T(S)
can be thought of as the total weight of the set of these multisets where the
elements of multiplicity 1 have weight s. For instance, for n = k = 4, we
have one multiset {1,2,3,4} with four different elements (with weight s*),
12 multisets of the form {z,y, z, 2z} with only one element of multiplicity 2
(each with weight s?), and 6 multisets of the form {z,x,y,y} with z # y

(each with weight 1). So, the total weight is T4(,S4) =s' +125% +6.

Notice that we also have the relations
T = (-1)FTS) (s eR),

and

(-1) k(13
T = (-1 .
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Clearly, the integrals If,s) can also be expressed in terms of the generalized
trinomial coefficients. Indeed, we have

1/ 2n 2n 1
I = / Tk ) doe =S 1) / o da

k=0

that is

(9)— T 3

Despite formulas (2) and (3) are very simple to find, the integrals I,(f)

admits other non-trivial (and elegant) representations in terms of a single
sum involving only the binomial coefficients. The aim of this note is to
derive these representations. In Section 2, we derive two new formulas by
means of elementary algebraic manipulations. In Section 3, we find the
ordinary generating series of the integrals Iy(ls) and then, expanding this
series in a suitable way, we obtain a further formula. In Section 4, we show
that the integrals [,(Ls) satisfy a linear recurrence of the first order and then,
solving such a recurrence, we obtain another formula for I,(LS). In Section
5, we consider some special cases where we have some simplifications. In
Section 6, we study the log-behavior of the sequence {L({()')}nzo7 proving
that it is a log-convex sequence, when the integrals are all positive. Finally,
in Section 7, we define a new class of polynomials IT(LS) (x), as a natural
extension of the integrals L(f), and we show that, for a given s, they form
an Appell sequence. Furthermore, we show that almost all the formulas and

properties obtained for integrals L(f)

15 (2).

can be extended to the polynomials

2 First results

We can obtain a first formula for the integrals I,(f

manipulation.

) by a simple algebraic

Theorem 1. The integrals I,(f)

n 22n+1 Z ( >2k—|— 1 (5 4 2)2FF1 = §2h+1y (4 — g2)n—h (4)

can be expressed as
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INTEGRAL OF COMBINATORIAL INTEREST

Proof. We have

n A
= <k;> < 1 ) (x4 s/2)%*dx
k=0 0
L <n> (4 - 32)”’“ [(x + 3/2)2’“‘“]1
= k 4 2k +1 0
B z”: <n> <4 — g2 )"—k (1 4 8/2)2k+1 _ (8/2)2k+1
= k 4 2k +1
and this expression simplifies at once in formula (4). O

We can obtain a second formula in a similar way by using the Euler beta
function [2, p. 192], defined by

B(p,q):/o 211 = 2)1 L dg (5)

for p,q € C, Re(p) > 0 and Re(q) > 0. This integral can be expressed in
L(p)I(q)
I'(p+q) -
when n € N, we have I'(n+1) = n!. Consequently, when m,n € N, we have

terms of the Euler gamma function as B(p,q) =

In particular,

1
B 1 1) = . 6
(14 1) = Gy (
Theorem 2. The integrals Ir(f) can be expressed as
- 4 2)nk 1
=3 ()" . g
n n+k
prs k (Qk) n+k+1

Proof. We have

1) = /01((1—x)2+(8+2)x)" dx = En: (Z) (s+2)" /01 2" F(1—x)*dz
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By formula (5), we have

I = kz_o (Z) (s4+2)"*B(n —k+1,2k+ 1)

and by formula (6) we obtain identity (7). O

3 Generating series

Consider the (formal) generating series

IO => "1,

n>0

By definition (1), we have

1 1
1

(S) — 2\n yn _

I9)(t) /0<E (14 sz + %) t)d:r /01—(1+sa:+x2)tdx’

n>0

We will evaluate this integral in a formal way, considering ¢ as an inde-
terminate (or, possibly, as a negative and very small real number). We
have

1
dz
I9(t) = /
(t) 44 (s2—4)t J, 14 ( (2z4s)V—t )2
At (s2—4)t
1
2 (22 + s)v/—t
= arctan ——
V—ty/4+ (s —4)t A4 (2 =4t |,
that is
(s) 2 (5+2)\/ —t S/ —t
Y ()= arctan —————=—arctan ————— | .
V—=ty/4+(s2—4)t A+ (s2—4)t VA+(s2—4)t
(8)
If we consider the usual expansion of the arc tangent series
_ (—D* 2k+1
arctanzfl;ﬁk_i_l z , (9)
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INTEGRAL OF COMBINATORIAL INTEREST

then it is straightforward to reobtain formula (4). However, if we consider
Euler’s expansion

22k: 1 22k+1
arctan z = E — (10)
2k 2\k+1
= (3F) 2k +1 (1+2?)

then we obtain a new formula, as proved in the following theorem.

Theorem 3. The integrals I,(LS) can be expressed as

n n _1\k
Ir(LS) — %Z (k) ((21; 1 ((S + 2)n+k+1 _ S2k+1) ) (11)
k=0 k

2k +1

Proof. From series (8) and expansion (10), we have

I(S)(t)
B 2 Z 22k 1 (8+2)2k+1 ( —t )k+1/2
V=44 (s2=4)t | =5 (°F) 2k+1 (1_ (s+2)2¢ )’Hl 4+(s2—4)t
= 4+4(s2—4)t
Z 92k 1 §2k+1 _¢ k+1/2
B 2k) 2k41 2 V! <4+(52—4)t)

k>0 (k) (1_W:4)t)
_ 2 3 228 (542) 1 /a4 (s2—a)t -tV
T 44 (s2—-4)t = (Fy 2k+1 4—4(s+2)t 44(s2—4)t

—Z 92k (2k+1 4+(s2—4)t k41 ¢ k
= (Qk’“) 2k+1 4—-4t 44-(s2—4)t

Y s Gt S ) N w - S o s
B (F)  2k+1 AN (I—(sH2)) 1 = (2F) 2k+1 4FHL (1-t)kH

k>0 \k
1 (_1)k 1 L ((s+2)t)k e '
- §k20 () 2k+1 <(8+2)k+ (I—(s+2)t)k+1 g2kt (17t)k+1>
ST (g (e 2 ()

(_1)k 1 n 1 2k+1 n
k) €] TH((«H‘?) g2t )) t.

Taking the coefficient of ¢t in the first and last series, we obtain formula
(11). O

|
DN =
3
v
o
kol
g
N
3

41



MUNARINI

It is also possible to obtain a more complex representation of the integrals
L(ls) in terms of a double sum, as proved in the next theorem.

)

Theorem 4. The integrals L(f can be expressed as

n

16 =% (s;ki)nlk é <Ij> <n;,; Z> % . (12)

k=0

Proof. Using the addition formula for the arc tangent, series (8) becomes

1) = 2 V—t\/4+ (s — 4)t. (13)

arctan

NENZEw 2— (s +2)t

Then, using expansion (9), it is straightforward to obtain identity (12). O

4 Recurrence

)

To derive a recurrence for the integrals I,(LS , we will consider the following

further integrals
1 1
JT(LS):/ z(1+ sz +2?)"dz, HT(LS):/ 22(1+ sz +2?)"dx.
0 0

From definition (1), we have at once the identity

) = 10 4 0 4 1D 14
On the other hand, integrating by parts, we have

1

1
Ir(f_gl = [ac (14 sz+ xz)"ﬂ}o —(n+1) /0 (s 4 22%) (1 + sz + 2°)" dx

that is
I8 = (s4+2)"" = (n+1)sJ) —2(n+ 1)H) . (15)

Finally, we have

(1 + sz + 22"+t !
n+1 0

1
317(15)+2J,(15)=/ (s+2x)(1+sx—|—x2)"dx:{
0

that is
(s+ 2)"‘*‘1 -1

sI) 420 =
n+1
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From this last equation, we obtain

1/(s+2)"" -1
() — (22 - 1)) 1
s = (T (16)

By equation (15), we have

1
HE = = (s +2)" = (n+ D)s I = 10,
n 2(TL+ 1) (S+ ) (n+ )S n+1
and then, by equation (16), we obtain

2—5)(s+2) 5 52 1 )
He) — ( S (O R C 1
" 4(n+1) 47" 2n+1) Y (17)

Finally, by replacing (16) and (17) in equation (14) and by simplifying, we
obtain the following theorem.

(s)

Theorem 5. The integrals I, are defined by the recurrence

7 _4—32 n+1 1 (s+2)"t2 —s
T2 op 43 2(2n + 3)

(18)
with the initial value I(()S) =1.

Notice that (18) is a linear recurrence of the first order of the form

Yn+1l = Gn+1Yn + bn+1 .

If a,, # 0 for every n > 1, we have the solution
n a*
_ ok “n
Yn = anyo+ ) o b
k=1

where a) = anan_1---a2a1. Moreover, if yo = by, then the solution can be

written as
n

=3 O (19)

a¥
k=0 kK

This simple remark implies the following theorem.

Theorem 6. The integrals L(f) can be expressed as

Zn:( ) (s +2)F —5) (4 — 2"k, (20)

n k=0

I =

DN =

43
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Proof. From recurrence (18), we have the coeflicients

4 — s? 9)n+l _
S A S S Ch ) it (21)
2 2n+1 2(2n+1)

Hence, we have

% = (4_2) (n T3
(57) oo
- 1

G

n

Replacing in solution (19), we obtain at once formula (20). O

5 Special cases

As an exemplification of what we have obtained in the previous sections,
we now consider the special cases s = +1, s = £2 and s = 0, where we
have some small simplifications.

For s = £1, the first few values of our integrals (for 0 < n < 10) are:

1 11 37 1133 11869 42445 463979 5144257 19216887 1954312829 22227331675
’ 67 107 140 630 * 924 ° 4004 > 17160 > 24310 ~’ 923780 3879876

and

1 5 7 83 319 403 1517 1139 1425 48199 907741

k=0
o | z”: n) (3%+! —1)3n—k
" 22n+1 P k 2k +1 ’
n 3n—k 1
050t
" ;; k (n;];k)n+k+l



INTEGRAL OF COMBINATORIAL INTEREST

I(l) _ li n (_1)k 3n+k+1 1
o 24\k) (3R 2k+1
111 &2k ., i
L = 2 (%) 2n+12<k)(3 T3
n k=0

and

k=0
- 1
-5 ()
" ];J k (”;kk)n+k+1’
71 — - (”) (=DF 1
= \k) () 2kl

For s = +2, the integrals can be calculated explicitly, since

12 = /1(1 faPdr = =L
" 0 2n+1
1
72 :/ (1—2)2"de = —— .
" 0 2n+1

For s = 2, formulas (3) and (4) lead to trivial identities, while formulas (7)
and (11) lead to the identities

Z”: n\4nk 1 9l
k) (R)yn+k+1 0 2041

=\ (-1)F 4k 1
Z(k) (*F) 2k+1 2n+1°
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For s = —2, the only non-trivial identity derives from formula (11) and
coincides with the second identity obtained in the previous case.

Finally, for s = 0, identities (4), (7), (11) and (20) become

n k on+k n
(0) _ n (—1) 2 (0) _ 1 1 2k on—k
I Z (k) (Qk:) % +1° I (2") 2n+1 kZ:O k 2 '

n

Let ¢ = (1 ++/5)/2 and @ = (1 — v/5)/2. We have ¢?> = ¢ + 1 and
p? = @ + 1. Moreover, by the Binet formula, we have that the Fibonacci
and Lucas numbers are defined by F,, = (9" —3")/V/5 and L,, = " +5". If
s = 2p, then s+2 = 2(¢p+1) = 2¢? and 4—s? = 4(1—p?) = —4y. Similarly
for s = 23. Now, let A, = (19 — 1) /v/5 and B,, = I/ + I°7). Using
formulas (4), (7), (11) and (20), it is straightforward to obtain the identities

A —Zn: M D g — Fuyhi)
n 2 \i) 21 n+3k+2 — Frtkt1

" /n\ 2"k 1

A, = Z ( ) — Fon—ok
2\ ez
"\ (12

A, = ( > o (2" Fanyokya — 25 Fapia)
prs k (k) 2k +1
11 (2

An — 4 n—k 2kF _ F _
o 2n+1k_o<k>( PR s = Fackin)

and the analogues ones for the Lucas numbers.

6 Log-behavior of the sequence I 7(13)

We now consider the rate of growth of the sequence {L(ls)}nzo when the in-
tegrals are all positive. Recall that a sequence {ay}n>0 of positive real
numbers is log-concave (or logarithmically concave) when the sequence
{@n+1/an}n>0 is decreasing, or, equivalently, when a2 > a,,_1a,41 for ev-
ery n > 1, and is log-convez (or logarithmically conver) when the sequence
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{@n+1/an }n>0 is increasing, or, equivalently, when a2 < a,,_1a,1 for every
n > 1. Moreover, the sequence {ay, }»>0 is concave when 2a,, > an—1+an+1
for every n > 1, and is conver when 2a, < a,—1 + a,41 for every n > 1.
By the arithmetic-geometric mean inequality, the log-convexity implies the
convexity. These properties find application in many fields, especially in
combinatorics [4, 8, 18].

In our case, we have the following theorem.

Theorem 7. For s > —2, the sequence {I’r(IS)}nZO is log-convex (and con-
vezx). Moreover

(s)

I N
lim 2t — 549 and lim /I8 =s+2. (22)
n——+00 1’7(13) n—-+00

Proof. By Lemma 2.3 in [4], given a positive continuous function f : [a, b] —
R and the integrals I,, = f: f(z)™dax for n > 0, we have that the sequence
{I,}n>0 is log-convex. In our case, we have the continuous function f :
[0,1] — R given by f(x) = 1+ sz + 2%. Since this function is positive for

s > —2, the sequence {I,(f)}nzo is log-convex for s > —2. For s = —2, we
have L(l_g) = 2n1+1 and this sequence is log-convex. Notice that, for s > —2,

the integrals I\* are positive for all n € N.

Moreover, as proved in [4, Formula 4.41]), if a sequence {y, }n>0 of non-zero
real numbers satisfy a linear recurrence of the first order y,41 = apnt1Yn +
bnt1, with a, # 0 for n > 1 and b, # 0 for n > 0, then the sequence
{qn}n>0 of the quotients g, = yn+1/yn satisty the recurrence

bn+1 bn+1 1
= Q41+ —— —a —.
dn+1 n+1 bn n bn In

(23)

Since the integrals I\" satisfy recurrence (18), the quotients g, = L(f_gl /I8
satisfy recurrence (23) with the coefficients given in (21).

Let ¢ = limy, 4 g and observe that

. 4— 52 ) b
lim a, = and lim —L = +2.
n—+oo 4 n—+oo by,

So, taking the limit of equation (23) as n — 400, we obtain

4 — g2 4 — g2 1
= 2 — 2) —
q 1 + s+ 1 (s + )q
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that is
47 + (s +2)(s —6)g — (s —2)(s +2) = 0.

This equation has two roots: ¢1 = s+ 2 and ¢ = —(s + 2)(s — 2)/8 < 0.
Since ¢ > 0, we have the first limit in (22). Finally, this first limit implies
the second one [7, p. 57]. O

Furthermore, we have

1

Theorem 8. For s > —2, the series ), -, I5) 2 converges for |z| <

s+2°
Moreover, for s > —1, this series converges also for zy = 73-%2 and
I 2(s + 2 V12 ds — 52
Z(—l)" - = (s+2) arctan viztis o5 . (24)
50 (s+2)" 12+ 4s—s2 3(s+2)

Proof. From limits (22), we have at once the disk of convergence of the given

series. For the second part, consider the series . . (—1)"a, where a, =
70

G2y

Moreover, the sequence {a,},>0 is decreasing, being Iff_ﬁl < (s+ 2)17(15).

Finally a, — 0 as n — 0. Indeed, from recurrence (18), we obtain the

identity

u _2-s n—i—la n 1 s s
T T 37" T 2204 3) (s+2)n+2 )

Since the coefficients a,, are positive, we have an alternating series.

Now, setting A = lim,,_, 1 a, and taking the limit of this equation as
n — +oo, we obtain (s +2)A = 0 (since s > —1), that is A = 0. In
conclusion, by the Leibniz criterion, the considered series converges and,
by Abel’s theorem, we have

(s)
S0 g = fim 190 =19~ 15).

"0 s+2)" oy s+2

Using (13), we have identity (24). O

For instance, for s = 0, identity (24) becomes

i 2 1
(-=1)" = = arctan —— = ——

n%% 23 V3 33

From limits (22), we also have the following property.
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Theorem 9. For s > —2, the series ), - IZ(—Z) converges for |z| < s+ 2.

For instance, we have

1 (—1)k
> —y ~ 202811711, > FoN 0.63877409 .

n>0 in n>0 in

Recall that a sequence {ay, } >0 of positive real numbers is star shaped when
o < % for all n > 1. By Lemma 1 in [19], if a sequence {a,}n>0 is
convex and a; < ay/2, then it is star shaped. This immediately implies

Theorem 10. For s>35 (v/1185 — 15) ~ 0.971191, the sequence {L({S)}nzo
is star shaped.

Notice that if a sequence {an}n>0 ib log-convex and star bhaped then a2 <

Gp—1Gn41 for n > 1and a,_1 < 2=Lq, for n > 2. Hence a < n=l Gy,
that is a, < 2=— a nt1 for n > 2 Repeatmg this procedure startmg from
the 1nequahtles a2 < ap_1ap41 forn > 1 and a, < —anﬂ for n > 2,

2

we have a,, § —

following

an41 for n > 3. Continuing in this ways, we have the

Lemma 11. If a sequence {a,}n>0 of positive real numbers is log-convex
and star shaped, then

n—m

—a or every mn €N, n>m+1.
_n_m+1 n+1 f Y ) ) =

Qnp

In conclusion, by Theorems 7 and 10 and by Lemma 11, we have, for
s> 2—10 (\/1185 — 15)7 the inequalities

n+1
n—m_ n—m-+1

17(15) (S)
< for every myn e N, n>m+1.

7 Final remarks: Appell polynomials

In this final section, we consider the polynomials defined by

I (z) = /Ol(x + su+u*)" du (s eR). (25)
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Clearly, they are an extension of the integrals I,(f) = IT(LS)(I). Moreover,
as can be easily verified, they form an Appell sequence [1, 10], that is
a polynomial sequence {a,(x)}n>0 such that dega,(z) = n and a} (z) =
na,—1(z) for every n € N. Equivalently, an Appell sequence is a polynomial
sequence {an,(z)}n>0 with exponential generating series

> o) = glt) e

n>0

for a given exponential series g(t) = >, -, gn% with go # 0. The class of
Appell sequences contains several classical polynomials (such as the Her-
mite polynomials, the Bernoulli and Euler polynomials and the rencon-
tres polynomials). Moreover, the Appell sequences belong to the larger
class of Sheffer sequences, which have several applications in combinatorics
[9, 10, 11] and in the modern umbral calculus [14, 15, 16].

Expanding the power in (25) in the natural way, it is possible to find the
following expression

£ () (B 07

1=0

Moreover, several of the results obtained for the integrals i
tended straightforwardly to the polynomials I,(f) (z). For instance, formula

(4) can be extended to

can be ex-

s+ 2 2k+1 _ 2k+1

(s _ 2\n—k
I (x) 22n+12(> ST (dx — s*)" 7.

This identity implies at once that the exponential generating series for our

polynomials is
S I@ = g e
n>0

where 2k+1 _ 2k+1 4k
52 2 - t
g (t) =e Tt E (s +2k) - 5 —.
= 2 HRE+1) &

On the other hand, the ordinary generating series turns out to be

Z I t”

n>0
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— arctan

2
= arctan ———~——-— —_—
V—t\/4+(s2—4x)t ( A+ (s2—4x)t VA4 (s2—4x)t

and formula (11) can be extended to

(s4+2)v/—t sv/—t >

I(S)(l‘) — 1 Xn: n (_l)k 1 ((8+2)2k+1($+5—|—1)n_k _82k+1$n—k).
" 224 \k) (@) 2% +1

Similarly, recurrence (18) can be extended to the recurrence

7 dr —s?> n+1

(z) = (s+2)(z + s+ 1)"H — ggntt
Tt 2 2n+3

70
n @)+ 2(2n + 3)

and consequently formula (20) can be extended to

10)(z) = ; (1) 2n1+ - Z (2:)((5 +2)(x+ 5+ 1)F — s (da — 2)7F

Finally, notice that the polynomials L(ls)(x) have all the properties of the
Appell polynomials. For instance, we have

Q 2 n S p—
60 =3 (1)@,
k=0

In particular, we have

n

Pen=3 (i@ o Pern=3 ()i

k=0

References

[1] P. Appell, Sur une classe de polynémes, Ann. Sci. Ecole Norm. Sup.
(2), 9 (1880), 119-144.

[2] G. Boros, V. Moll, Irresistible Integrals. Symbolics, Analysis and Ex-
periments in the Evaluation of Integrals, Cambridge University Press,
Cambridge 2004.

[3] L. Comtet, Advanced Combinatorics, Reidel, Dordrecht 1974.
[4] T. Dogli¢, D. Veljan, Logarithmic behavior of some combinatorial se-

quences, Discrete Math., 308 (2008), 2182-2212.

51



[5]

MUNARINI

J. Edwards, A Treatise on Integral Calculus, Volumes I-11, MacMillan,
London 1921-22.

I.S. Gradshteyn, I.M. Ryzhik, Table of Integrals, Series, and Products,
Seventh edition, Elsevier/Academic Press, Amsterdam 2007.

S. Lang, Complex Analysis, Springer, New York-Berlin 1999.

L.L. Liu, Y. Wang, On the log-convexity of combinatorial sequences,
Adv. Appl. Math., 39 (2007), 453-476.

E. Munarini, Shifting property for Riordan, Sheffer and connection
constants matrices, J. Integer Seq., 20 (2017), Article 17.8.2.

E. Munarini, Combinatorial identities for Appell polynomials, Appl.
Anal. Discrete Math., 12 (2018), 362-388.

E. Munarini, Combinatorial identities involving the central coeflicients
of a Sheffer matrix, Appl. Anal. Discrete Math., 13 (2019), 495-517.

P.J. Nahin, Inside Interesting Integrals, Springer, New York 2015.

A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and Series.
Vol. 1. Elementary Functions, Gordon & Breach Science Publishers,
New York 1986.

S. Roman, The Umbral Calculus, Academic Press, New York, 1984.
S. Roman, Advanced Linear Algebra, Springer, New York 2008.

S.M. Roman, G.-C. Rota, The umbral calculus, Adv. in Math., 27
(1978), 95-188.

N.J.A. Sloane, On-Line Encyclopedia of Integer Sequences, http://
oeis.org/.

R.P. Stanley, Log-concave and unimodal sequences in algebra, combi-
natorics, and geometry, Ann. New York Acad. Sci., 576 (1989), 500—
534.

Gh. Toader, On Chebyshev’s inequality for sequences, Discrete Math.,
161 (1996), 317-322.

52



