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The extreme case of 3-PGDDs with block
size 4 and 2 groups

APIWAT PEEREEYAPHAT, DINESH G. SARVATE, AND
CHARIYA UTYYASATHIAN

Abstract. We introduce a generalization of group divisible 3-designs with
2 groups, 3-GDDs with 2 associate classes, into partial group divisible 3-
designs, 3-PGDDs with 3 associate classes. A partial group divisible 3-
design, 3-PGDD(n, 2, k; A, 21, f12), is a pair (G1 U Gz, B) where G; and G4
are called groups of size n and B is a collection of k-subsets, called blocks,
of Gy UG5 such that every 3-subset of G; occurs in A blocks in B and every
i elements of G and j elements of G occur together in p;; blocks in B for
i # j € {1,2}. Our study focuses on the case k = 4. We study obvious
necessary conditions for the existence of a 3-PGDD(n, 2, 4; A, u21,0), and
prove that they are sufficient whenever (n — 2)\ = nus;. Our construction
technique relies on the existence of 3-(n,4, \) designs and some large sets
of triple systems.

1 Introduction

A t-(n,k, \) design, is a pair (X, B) where X is an n-set of points and B is
a collection of k-subsets, called blocks, of X with the property that every
t-subset of X is contained in exactly A blocks. The parameter A is called the
index of the design. A 2-(n,3, \) design is called a triple system, TS(n, A).
A group divisible design, GDD(n,m, k; A\, 1), is a collection of k-subsets,
called blocks, of an nm-set X where the set X of elements is partitioned
into m subsets (called groups) of size n, every pair of distinct elements
of the same group occurs together in A blocks, and every pair of elements
from different groups occurs together in p blocks. A GDD has two indices
A and p. Pairs of elements that occur in the same group are called first
associates, and pairs of elements that occur in different groups are called
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second associates. Note that a GDD(n,m, 3; A, \) is a 2-design and, in fact,
a TS(nm, A). In 2000, the existence problem for a group divisible design
with block size three was settled by Fu, Rodger, and Sarvate [1,2]. In 2004,
Hurd and Sarvate began to investigate the existence of a group divisible
design with block size four and two groups, see [4,5] for more details.

Several years later, in 2018, Sarvate and Bezire [8] extended the definition
of group divisible designs with two groups into a 3-design. First, note that
any 3-subset of a set is called a triple.

Definition 1.1. A group divisible 3-design, 3-GDD(n,2,k; A, 1), is a pair
(G1 UGy, B) where G and G2 are called groups of size n and B is a col-
lection of k-subsets, called blocks, of G U G4 such that

(i) every triple of each group occurs in A blocks in B and

(ii) every triple where two elements are from one group and one element
from the other group occurs in p blocks in B.

Triples of elements of G; UG5 satisfying (i) and (ii) are called first associates
and second associates, respectively.

Moreover, Sarvate and Bezire [8] showed that the obvious necessary condi-
tions are sufficient for the existence of a 3-GDD(n, 2,4; A, 1) except possibly
whenn = 1,3 (mod 6),n # 3,7,13, and A > u. Later on, Sarvate and Cow-
den [9] gave a construction of a 3-GDD(n, 2,4; A, 1) forn = 1,7,9 (mod 12).
Nonetheless, the existence problem when n =3 (mod 12),n # 3, and A =9
(mod 12) was still left unsolved. In 2023, Tefera et al. [10] obtained some
necessary conditions for the existence of a 3-GDD(n, 3,5; A, 1), and they
further presented some constructions especially when p = 0.

We next introduce some useful notation. In a group divisible 3-design
(G1 UG, B), atriple of G; UGs is an (s, t)-triple if it contains s elements
from G; and t elements from G5. Thus, triples of Gy UG5 are classified into
four types: (3,0)-triples and (0, 3)-triples are first associates while (2,1)-
triples and (1, 2)-triples are second associates. In addition, types of blocks
are defined in the same manner. A block in B is said to be a [p, g]-block if
it contains p elements from G; and ¢ elements from Gs.

In our study, we divide the set of all second associate triples into two
distinct associate classes depending on the number of elements belonging
to each group. We further introduce two new indices corresponding to each
associate class. Hence, we present a generalization of Definition 1.1 with
three indices as follows:
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Definition 1.2. A partial group divisible 3-design, 3-PGDD(n, 2, k; A, po1,
H12), is a pair (G1 U Ga,B) where G; and G4 are called groups of size n
and B is a collection of k-subsets, called blocks, of G; U G5 such that

(i) every (3,0)-triple and (0, 3)-triple occurs in A blocks in B,
(ii) every (2,1)-triple occurs in ug; blocks in B, and

(iil) every (1,2)-triple occurs in u12 blocks in B.

It is obvious that the existence of a 3-PGDD(n, 2,4; A, a, 8) is equivalent to
the existence of a 3-PGDD(n, 2,4; )\, 8, ), and if « = 3, then the partial
group divisible 3-design is a group divisible 3-design.

In this paper, repeated blocks are allowed in any designs; hence, any union
of sets of blocks will always be a multiset union. For an integer m and a
set B, we denote mB as the union of m copies of B.

Example 1.3. Let Gy = {1,2,3,4}, G3 = {a,b,c,d}, and B = 2B; U By U
4{Gy} where

Bl = {{1,2737 x}7{17274’ x}7{173’ 4, :L‘}’ {27 3747 :I;} ‘ Y e GZ}’
By = {{a,bv Cai}7 {avba dai}7 {a,c, dai}v {bv G, d,Z} | (S Gl}

Then (G1 U G2, B) is a 3-PGDD(4, 2, 4; 8, 4, 2).

Our main goal in this paper is to determine necessary and sufficient con-
ditions for the existence of a 3-PGDD(n, 2,4; A, u21, ft12) whenever pyo = 0
with a certain property, namely (n — 2)A = nua;.

As we focus on 3-PGDDs with p12 = 0, we will simply use p to denote the
second index pg; of the design.

2 Preliminary results

In this section, we introduce some designs as well as related results that are
required for our construction.

The two triple systems (X, B) and (X, C) are said to be disjoint if BNEC = .

Definition 2.1. A large set of TS(n, \)s of size N is a set
N ={(X,B)|1<i<N}
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of N disjoint TS(n, A)s such that {B; | 1 <i < N} is a partition of the set
of all triples of X. It follows that N = (n — 2)/A.

It is well known that there exists a TS(n,1) for any n = 1,3 (mod 6). In
1984, Lu [6, 7] successfully constructed a large set of T'S(n, 1) except for a
few cases. Later on, those missing cases were completely solved by Teirlinck
[11] in 1991. Furthermore, Teirlinck [12,13] had also completely solved the
existence problem of a large set of TS(n, \) for each n and \. We summarize
these results in Theorem 2.3. Additionally, Example 2.2 illustrates a large
set of T'S(6,2).

Example 2.2. Table 2.1 illustrates that the set of all triples of X = {1,2,3,
4,5,6} can be partitioned into 2 disjoint TS(6,2)s, say By and B,. Each
column in Table 2.1 represents a triple of X.

Table 2.1: Two disjoint TS(6, 2)s that partition the set of all triples of X.

blocks of B, blocks of Bo
111112 22331111122 2 3 4
2 2 3 45 3 45 4 4|12 2 3 3 4 3 3 4 5 5
345 6 6 65 6 5 6|(|56 46 5 45 6 6 6

Theorem 2.3 (Lu-Teirlinck [6,7,11-13]).

(i) There exists a large set of TS(n,1) if and only if n = 1,3 (mod 6)
andn #17.

(ii) If n = 0,4 (mod 6), there exists a large set of TS(n,2).
(iii) If n =2 (mod 6), there exists a large set of TS(n,6).
(iv) If n =5 (mod 6), there exists a large set of TS(n,3).

Our main construction also requires the existence of a 3-(n,4,\) design.
Hanani [3] completely solved the existence problem of a 3-(n,4,\) design
as shown in the next theorem.

Theorem 2.4 (Hanani [3]). Necessary and sufficient conditions for the ex-
istence of a 3-(n,4,\) design are A\n. = 0 (mod 2), A(n — 1)(n —2) =0
(mod 3), and An(n — 1)(n — 2) = 0 (mod 8). The conditions of X for each
n modulo 12 such that a 3-(n,4, \) design exists are given in Table 2.2.
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Table 2.2: Conditions on n and A for the existence of a 3-(n, 4, A) design.

[ n (mod 12) | A ‘
0,6 0 (mod 3)
1,5 0 (mod 2)
2,4,8,10 positive integer A
3 0 (mod 12)
7,11 0 (mod 4)
9 0 (mod 6)

3 Necessary conditions

Let (G1 U G2, B) be a 3-PGDD(n, 2,4; A\, 11, 0). A replication number of an
element x € G1 UG5 in the design is the number of blocks in B containing
x. For i,5 € {1,2}, we define r; to be the replication number of elements
from G;. We define 7;; to be the number of blocks containing a pair of
elements x € G; and y € G2. Obviously, r12 = ro;. Moreover, we let b be
the number of blocks in B.

According to the types of blocks contained in B and the fact that the pa-
rameters ri, 72, 11, 722, 12, and b are nonnegative integers, we will obtain
necessary conditions for the existence of a 3-PGDD(n,2,4; A, u,0). First,
we determine the parameters we defined in the previous paragraph.

Now we count the number of all triples of G; U G5 in B that contain x
to determine 71 and ro. Let x € G;. We count the number of all triples
containing x in two ways. Since there are r; blocks in the design that
contain x and each of these blocks gives 3 triples containing x, there are 3r;
such triples in total. On the other hand, we can count triples of each type
described in Definition 1.2 separately. Therefore, 3r; = (";1))\+n(n— Dy,

and hence
(n—=1)(n—2)A+2n(n—

r = 6 . (1)

We use a similar counting method considering x € G5 to obtain

py = (D= 2)6A +n(n—Lp @)

Next, in order to determine 11, 722, and r12, we count the number of triples
occurring in the blocks of B that contain both x and y in two ways. One
is to count triples obtained from all blocks of B that contain both z and y.
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Second is to count (3, 0)-triples, (0, 3)-triples, and (2, 1)-triples that contain
both x and y. Hence we obtain the following parameters:

iy = (”_2)#’ (3)
rog — (71—22))\7 (4)
12 = @ (5)

Finally, we determine b by counting the number of all triples in the design.
Since each block in B provides 4 triples, the design provides 4b triples. On
the other hand, the number of (3, 0)-triples, (0, 3)-triples, and (2, 1)-triples
are (g), (g‘), and (Z)n, respectively. Therefore, 4b = 2(’;))\ + (Z)nu, and
thus

2n(n —1)(n — 2)A + 3n%(n — 1)p

b= 2

(6)

Now we have everything ready to establish obvious necessary conditions for
the existence of a 3-PGDD(n, 2,4; A, u, 0).

Theorem 3.1 (Necessary conditions). Let n, A € N and u € NU{0} be such
that n > 4. If there exists a 3-PGDD(n, 2,4; A, i1, 0), then

(i) the parameters in Equations (1)—(6) are nonnegative integers,
(ii) there exists a 3-(n,4, \) design, and
(i) A > 25

Proof.

(i) Obviously, the replication numbers as well as the number of blocks
are nonnegative integers.

(ii) Since there are no (1, 2)-triples occurring in a 3-PGDD(n, 2,4; A, 11, 0),
each (0, 3)-triple must be contained in some block of a 3-(n, 4, A) de-
sign on G5. Note that the condition of n and X for the existence of
such a design on G5 is concluded in Theorem 2.4.

(iii) Any (2,1)-triple must be contained in a [3,1]-block that contains
another two (2,1)-triples and a triple of G;. Then the number of
triples of G; must be at least one-third the number of (2,1)-triples,
in other words, (g))\ > %(g) nf. O

Since 71, 19, 111, T22, T12, and b are in terms of n, A, and u, we can establish
another version of Theorem 3.1 as follows.
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Corollary 3.2 (Necessary conditions). Let n, A € N and u € NU{0} be such
that n > 4. If there exists a 3-PGDD(n, 2,4; A, 1,0), then

(i) u is even,

(ii) if n is odd, then X is even,

(iif) if n =0 (mod 3), then A =0 (mod 3),
(iv) ifn =2 (mod 3), then =0 (mod 6),
(v) ifn =3 (mod 4), then p =0 (mod 4),
(vi) there exists a 3-(n,4, \) design, and

(

vil) A > o
Proof.
(i) By Equations (3)—(5), 711 — ro2 — r12 = 4 is an integer, thus, u is
even.
(ii) By Equation (4), ros = ("_TZ)A is an integer. Hence, if n is odd, A is
even.

(iii) By Equation (1), 1"1 is an integer, and since n = 0 (mod 3), we have
(n—=1)(n—2)A =0 (mod 6). Hence A =0 (mod 3).

(iv) By Equations (1 ) ( )y 1 — T2 = W is an integer, and it follows
that n(n — 1) =0 (mod 3). If n =2 (mod 3), then =0 (mod 3).
Therefore, p = () (mod 6) as y is even, by (ii).

(v) By Equation (6), b is an integer, so we have 2n(n—1)(n—2)A+3n?(n—
1)u =0 (mod 24). Whenn =3 (mod 4), it follows that 2n(n—1)(n—
2)A = 0 (mod 24), and hence 3n?(n — 1) = 0 (mod 24). Since n is
odd, (n — 1)u = 0 (mod 8), but n — 1 = 2 (mod 4). Therefore, we
have p =0 (mod 4).

(vi) and (vii) have been proved in the previous theorem. O

4 Main results

Table 4.1 summarizes the necessary conditions for the existence of a 3-
PGDD(n, 2,4; A\, i, 0) for each n in modulo 12 from Corollary 3.2 except
the condition (vii) —“-u. Note that the condition (v) in Corol-
lary 3.2, as concluded in Theorem 2.4, yields the following conditions:
A = 0 (mod 12) when n = 3 (mod 12) and A = 0 (mod 4) when n =

7,11 (mod 12).

Our goal is to study the existence of a 3-PGDD(n,2,4; A, i, 0) in the ex-
treme case of the bound A > "5, in other words, when

(n—2)\ =npu. (7)
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Table 4.1: Conditions on n, A, and p obtained from Corollary 3.2(i)—(vi).

[ n (mod 12) | Conditions for A and g ‘
0,6 A=0 (mod 3) and x4 =0 (mod 2)
1 A=p =0 (mod 2)
2,8 1 =0 (mod 6)
3 A =0 (mod 12) and p =0 (mod 4)
4, 10 1 =0 (mod 2)
5 A =0 (mod 2) and g =0 (mod 6)
7 A=0 (mod 4) and g =0 (mod 4)
9 A =0 (mod 6) and x4 =0 (mod 2)
11 A=0 (mod 4) and =0 (mod 12)

First, we investigate in Lemma 4.1 that the parameters A and p that satisfy
the equation (n — 2)A = nu and all necessary conditions in Corollary 3.2
must be in some specific forms.

Lemma 4.1. Let n >4, A > 1, 4 >0, and (n —2)A = nu. Thenn, A\, and p
satisfy the conditions in Corollary 3.2 if and only if A = c¢n and p = ¢(n—2)
for

(n,c) € {(4r,s), (4r +1,2s), (47 +2,%), (47 + 3,4s) ‘ r,5 € N}.

Proof. Let n > 4, A > 1, and p > 0 satisfy all conditions in Corollary 3.2
and (n —2)A = nu. We separate the proof into two cases depending on the
parity of n.

Case 1: n is odd.

Since p = ”;2/\ is a positive integer and ged(n — 2,n) = 1, it follows
that A = en and p = ¢(n —2) for some ¢ € N. If n =1 (mod 4), then
= c(n —2) is an even integer by Corollary 3.2(i), and hence ¢ must
be an even integer. If n =3 (mod 4), then = ¢(n—2) =0 (mod 4)
by Corollary 3.2(v), and hence ¢ =0 (mod 4).

Case 2: n is even.
Since gcd( 5 2) nd 2/\ = (o= 2)/2/\ is a positive integer,

1 an
it follows that A = (% = d( ) for some d € N. By
Corollary 3.2() uw = d( ) mubt be an even integer. If n =0
(mod 4), the 2

Thus ¢ € N. That is, we can write A = cn and p = ¢(n — 2), where

c€eN. If n =2 (mod 4), then "T_2 is even, and hence d can be any
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integer. That is, we can write A = cn and p = ¢(n — 2), where ¢ =
and d € N.

d
2

Conversely, let A = cn and p = ¢(n—2) for (n, c) € {(4r, s), (4r+1,2s),
(4r +2,%), (4r + 3,4s) | r,s € N}. Together with the equation
(n — 2)A = nu, it can be verified directly by Table 4.1 that n, A, and
u satisfy all conditions given in Corollary 3.2. O

Now, it remains to construct a 3-PGDD(n,2,4;cn,c(n — 2),0) for every
(n,c) € {(4r, s), (4r 4+ 1,2s), (4r + 2, %), (4r 4+ 3,4s) | r,s € N}.

First, we deal with the case n Z 2 (mod 4). We begin with our essential
theorem revealing that a 3-PGDD(n, 2,4; cn, ¢(n—2),0) can be constructed
from a 3-design with a certain index.

Notation. Given a set of triples T and x ¢ T for every T € T, we denote
T * x as a collection of blocks of size four as follows:

Txx={TU{z}|T T}

Lemma 4.2. Let n,c € N be such that n > 4. If a 3-(n,4, cn) design exists,
then a 3-PGDD(n, 2,4; cn, c(n — 2),0) also exists.

Proof. Let Gy and G4 be groups of size n, where Go = {z; | 1 < i < n}.
Assume that ¢ € N is such that a 3-(n, 4, cn) design exists. We know that
the set T of all triples of Gy is a TS(n,n — 2). Next, let By = J;_, T * ;.
Then the blocks in B; cover each (3, 0)-triple and each (2, 1)-triple for n and
n — 2 times, respectively. Thus, the blocks in ¢B; cover each (3,0)-triple
and each (2,1)-triple for en and ¢(n — 2) times, respectively, as desired.
By assumption, let By be a 3-(n,4,cn) design on Gao. Hence, (G U Ga,
¢B1 UBy) is a 3-PGDD(n, 2,4; cn, c(n — 2),0). O

Example 4.3 illustrates the construction in Lemma 4.2 when n = 5 and
c=2.

Example 4.3 (The construction of a 3-PGDD(5,2,4;10,6,0) with groups
G1 = {1,2,3,4,5} and G2 = {x; | 1 < i < 5}). It can be observed that
the set T of all triples of Gy is a TS(5,3) on G;. Let B = U?ZI‘J'* ;.
We illustrate some of these blocks in Table 4.2. Moreover, by Theorem 2.4,
there exists a 3-(5,4, 10) design on Ga, say (G2, C). Hence (G1UG3, 2BUC)
is a 3-PGDD(5, 2,4; 10,6,0) as desired.
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Table 4.2: Blocks of T * .

blocks of T * z7
1 1 1 1 1 1 2 2 2 3
2 2 2 3 3 4 3 3 4 4
3 4 5 4 ) ) 4 5 5 5
1y 1 1 1 X1 T3 T Ty T1 T

We can verify that each (n,c) € {(4r,s), (47 + 1,2s), (4 + 3,4s) | r,s €
N} satisfies the conditions in Theorem 2.4, and hence a 3-(n, 4, cn) design
exists. Consequently, a 3-PGDD(n, 2, 4; cn, ¢(n—2),0) exists by Lemma 4.2.

Theorem 4.4. Let (n,c) € {(4r,s), (4r+1,2s), (4r+3,4s) | r,s € N}. There
exists a 3-PGDD(n, 2, 4; en, c¢(n — 2),0).

Indeed, the construction of a 3-PGDD(n, 2,4; cn, c¢(n —2),0) in Lemma 4.2
also works for the case n = 2 (mod 4) when ¢ = g is a natural number, that
is, only when s is even. However, the next theorem presents the construction
method that works for every natural number s. Our construction technique
utilizes large sets of triple systems as mentioned in Theorem 2.3.

Theorem 4.5. Let n,s € N be such that n > 6 and n = 2 (mod 4). There
exists a 3-PGDD(n, 2,4; 3n, 5 (n — 2),0).

Proof. Let G1 and G2 be groups of size n, where Go = {z; | 1 <i < n}.

Case 1: n =2 (mod 12).
We start with the construction of a 3-PGDD(n, 2, 4;

By Theorem 2.3(iii), the set of all triples of G; can be partitioned
into 222 disjoint TS(n, 6)s, say

! ! !
T1,727...77711—22,71772,... Tnfz.

)
12

Now, let

n

L—Q
B4 U ‘J’*xgllu‘J' *xm).
1

1=

)

Then the blocks in B; cover each (3,0)-triple and each (2, 1)-triple
for 3 and "T_Q times, respectively. Next, note that 5 € N, so there
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exists a 3-(n,4, §) design on G by Theorem 2.4, say (Gz,C1). Then
(G1,B1UCy) is a 3-PGDD(n, 2,4; 5, %‘27 0). Therefore,

(Gl, s(By1 U Gl)) is a 3-PGDD (n, 2,4;5n, 5(n —2), 0).

Case 2: n = 6,10 (mod 12).
First, we construct a 3-PGDD(n,2,4; 7, ”—_27 0).
By Theorem 2.3(ii), the set of all triples of G; can be partitioned into
22 disjoint TS(n, 2)s, say

] 7
T, Topee, Tace, 7, T, T,

Now, let

172

U ‘I * Xoj— 1UT *1'22).

By

C wl3

.

=1

Then the blocks in By cover each (3,0)-triple and each (2,1)-triple
for 2 and ”772 times, respectively. Next, note that § =0 (mod 3) as
n =6 (mod 12) and § € N as n =10 (mod 12). Hence, a 3-(n,4, 5)
design on G5 exists by Theorem 2.4, say (G2, C2). Then (G1,B2UCs)

is a 3-PGDD(n, 2,4; 5, "5= 2.0). Therefore,

(Gl, s(Ba U 62)) is a 3-PGDD (n, 2,4;5n, 5(n —2), O). O

Example 4.6 illustrates the construction in Theorem 4.5 when n = 6 and
s=1.

Example 4.6 (The construction of a 3-PGDD(6,2,4;3,2,0) with groups
G1 ={1,2,3,4,5,6} and G2 = {z; | 1 <1i < 6}). As seen in Example 2.2,
the set of all triples of G; can be partitioned into 2 disjoint TS(6,2)s, B,
and By. Next, let B = U?:1 (B * x9;—1 U Bg x x9;). We illustrate some of
these blocks in Table 4.3. Besides, by Theorem 2.4, there exists a 3-(6,4, 3)
design on Ga, say (Gg,€). Hence, (G1 U Gs, BUC) is a 3-PGDD(6, 2, 4;
3,2,0) as desired.

Now the following result can be concluded.

Theorem 4.7. Let n > 4, A > 1, u > 0, and (n — 2)A = nu. There exists a
3-PGDD(n, 2,4; A, 11,0) if and only if A = en and p = ¢(n — 2) for

(n,c) € {(4r,s), (4r +1,2s), (4r +2,%), (4r + 3,4s) | r,s € N} .
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Table 4.3: Blocks of By * x1 and Bg * xs.

blocks of By * 21 blocks of By * 29
111112 223311111222 3 4
2 2 3 45 3 45 4 4(12 2 3 3 4 3 3 4 5 5
345 6 6 65 6 5 6|56 46 5 45 6 6 6

T1 T1 1 T1 T1 1 L1 T1 L1 T1||T2 T2 T2 T2 T2 T2 T2 T2 T2 T2

Proof. The necessary conditions given in Corollary 3.2 and the equation
(n — 2)\ = nu give a restriction of A and p as in Lemma 4.1. Conversely,
by Theorems 4.4 and 4.5, we can construct a 3-PGDD(n, 2, 4; A, u, 0) of all
possibly A and p. O

Finally, we present the main theorem to conclude the construction of the
extreme case of a 3-PGDD(n, 2,4; A\, i, 0), which we have successfully done.

Theorem 4.8. The necessary conditions for the existence of a 3-PGDD(n, 2,
4; \, 1, 0) are sufficient when (n — 2)\ = npu.
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